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Abstract The calculation of the complex matrixes in odd triangular symmetry was accomplished. The configu-
rations of the coordination unit with various triangular symmetries and different ligand numbers were discussed. On the
basis of the double-sphere coordination point-charge (DSCPCF) model, the detailed forms of the DSCPCF parameters
B, and the expressions of the perturbation matrix elements in triangular field (D;, Dj;, Djg) were derived. There-
by, the calculation scheme of coordination field perturbation energy of the rare earth complexes with triangular symme-
try was constructed. After the calculation scheme was programmed, the Stark energies of the crystalline ThAL(BO;),
were calculated. The results were considerably close to the experimental values.
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In order to investigate further the coordination behavior and the structure-property relation-
ship of rare earth metal and transition metal complexes, Yang Pin proposed the double-sphere co-
ordination point-charge (DSCPCF) model*! and applied it to the calculation of the coordination
field perturbation energies of transition metal complexes, as well as biological and drug complex-
es. The model is satisfactorily successful especially in the spectral analysis of the rare earth com-
plexes?!. This is quite significant for developing the crystal field theory, exploring the magnetic
and electrical properties and luminescence mechanism of rare earth complexes, as well as for look-
ing for new kinds of optical and magnetic materials and for the applications of the ionic spectral
probes, etc. In recent years, we have already made systematical researches on tetragonal and di-
agonal fields!®™1; but those on odd triangular field, one of the main coordination forms, met
with a lot of difficulty in the construction of the whole mathematical mode owing to involving the
treatment of complex matrixes. Up to now no complete theoretical analysis of it has been found in
literature. In most cases, the crystal field parameters Bf, are treated as the freely adjustable pa-
rameters. In the present work, we have applied for the first time the DSCPCF model for the co-
ordination field analysis to rare earth complexes with triangular symmetry. By this model , the
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practical configurations of the complex unit in crystallographic structure are adopted to calculate
the crystal field parameters and the coordination field splitting energies and only the effective
charges of ligand atoms are treated as the adjustable parameters. Based on the DSCPCF model,
we systematically derived the coordination field perturbation matrix elements with the irreducible
tensor operator method in Ds-field and designed the computer program that can be used in the
spectral analysis of the rare earth metal complexes with triangular symmetry. The calculation can
simulate the Stark energies of TbAl;(BO;), crystalline. The result shows that our method has a
good precision and the calculation is concise, rapid and clear in physical meanings.

1 Coordination field potential function and expressions of DSCPCF parameters in the triangu-
lar field

The theoretical analysis method and the description of the DSCPCF model can be referred to
refs. [2] and [5]. In triangular field (D,, D34, Cj,), the tensor operator form of the coordina-
tion field perturbation energy level is

Hy = B3CS + BiCS + B3(C3 — C*3) + B§C§ + BS(CS — C55) + BS(CS + C5). (1)

In order to make the crystal field parameters be real functions, an appropriate set of axes
should be selected. Considering a complex unit with D, symmetry, Z-axis is placed in the direc-
tion of the main axis C;; X-axis is in the plane perpendicular to the crystal ¢ at —30° from the
crystal axis a; and Y-axis is the second-order axis C,, consistent with the prescription in refs.
[6,7]. The general expressions of the DSCPCF parameters B, in the Dj-field can be obtained as
follows:

B = 1/2(+% Z(qj/ﬁ = Z;/R})(3cos?0; - 1),

B§ = 1/8(r*) 23(q;/ 73 - Z; /R3)(35c0s* @; - 30cos? @, + 3), (2)
Bi = - V35/4(r*) D (q;/ ¥} - Z} /R3)cos3®;sin’ @y,

i
Bf = 1/16¢r®) 2] (q;/ 7] = Z; /R}) (231cos°@; ~ 315c0s*@; + 105c020; — 5)  (3)

|

B§ = - v/105/16(+5) Z(qj/rz = Z]/R])cos®;(11cos’®; — 3)sin’®;cos39;,
- :

3
]

V231/32(r) 23(q;/ 7] = Z; / R])cos6 B;sin°®; (4)

For a concrete rare earth complex with various configurations of triangular symmetry and dif-
ferent ligand numbers, the spherical coordinates of ligand atoms can be substituted and the corre-

sponding expressions of B, can be obtained.

For a complex unit [RgA¢B;C;D, ] as shown in fig. 1, the ligand number around the rare
earth central ion Rg is fourteen, and four types of ligand atoms are concerned, which are shown as

follows:
Ai(Ry, Op,nt/6 + ), A;(Rp, B,,57/6 + a),
A3(Ra, @4, 97/6 + ), Ay(Rp, = Op, /6 — a),
As(Rp,m— @4, 57/6 — a), Ag(Rp, m— @4, 97/6 — ),

Bl(RB97t/2’7T/6)’ BZ(RB’K/Z’STC/6)5
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B;(Rg, /2, — =/2), Ci(R¢,m/2,%/2),
C (R, n/2, — 57/6), Ci(R¢, n/2, — n/6),
Di(Rp,0,0), D,;(Rp, w,0).

In fig. 1, 2« represents the horizon- v

tal tortile angle between atoms 1 and 4 of
type A in the upside layer and the down-
side layer. Let 2¢, be LA -Rg-A. Then
there exists the following relation among
the polar angle @,, the tortile angle 2«
and the bond angle 2¢4:
sin®,cosa = cos@a. (5) b
The general cases for various trian-
gular symmetry coordination configura-
tions and their different ligand numbers

are as follows:

(i) When atoms of type D are re-
moved, the complex unit is of D3 config-
uration with 12-ligand number. Further-
more, if Ry=Rg=R¢, Zao =Zp = Z¢
and 2e = /3, it is of the O, cubic con-
figuration.

Fig. 1. Projection of the Z-axis of the complex unit [RgAsByC3D, ]

(ii) When atoms of types C and D
are removed, it is of Dj configuration with 9-ligand number. Furthermore, if 2¢ =0, it is of the
D3, tricapped trigonal prism configuration.

(iii) When atoms of types B and C are removed, it is of Dj configuration with 8-ligand num-
ber. Furthermore, if 2« = /3, it is of the D3, bicapped trigonal antiprism configuration; if 2a =
0, it is of the Ds; bicapped trigonal prism configuration.

(iv) When atoms of type A are removed, it is of D3 configuration with 8-ligand number.

Furthermore, if Rz= Rcand Z§ = Z¢, it is of the Dg;, hexagonal bipyramid configuration.

(v) When atoms of types B and C and atom D, are removed, it is of D3 configuration with 7-
ligand number. Furthermore, if 2a =n/3, it is of the C3, monocapped octahedron configuration.

(vi) When atoms of types B, C and D are removed, it is of D; configuration with 6-ligand
number. Furthermore, if 2a = /3, it is of the D3, trigonal antiprism configuration; if 2a =0, it
is of the Dj, trigonal prism configuration.

(vii) When atoms of types B and C as well atoms Ay, As and Ag are removed, it is of Dg,
trigonal bipyramid configuration with 7-ligand number.
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2 Basic vectors and coordination field perturbation matrix elements

For the 4 fN electron configuration, the coupling scheme of Russell-Saunder is adopted. The
states of Dj-point group are classified according to the point group chain relation SO (3)20*
DDj3 . For the corresponding complex ion the Ds-group basic vectors of the irreducible represen-
tations | (¥SL)JI'Pp) are expressed as the linear combination of the L-S coupling wave func-
tions | (¥SL)JM), in which J, I" and P are the irreducible representational symbols of the
SO*(3), O, and D3" point groups, respectively, and p is a row index of P. They can be
worked out in two steps;

(1) SOB)— 0: |JTy) = > Sk | IM),
Cii) O — D3: | JtTPo) = >,ST p, | JeI'y) (6)

= 20 23Sk St p, | IM) = DSkt | MY,
M Y M

in which, the final transformation coefficients SM}'?F = ZS{W Sy pp» Which can be obtained
Y

from refs. [6,7]. For the case with a half of integer, J, the complex coupling coefficients appear
in the irreducible representation ¢”.

For the f™ configuration, the coordination field perturbation matrix elements in D;-field are
expressed as

((¥SL)JeI'Pp | Hy | (¥'SL")J'z'T'P'p")
= 2 Sk SheEy + ((YSLYIM | He| (' SLOIM') - 6ppr - 8, (7)
M, M

From formula (7) it is known that only the matrix elements for the basic vectors belonging to the
same irreducible representation and the same row of the point group may be equal to nonzero. The
matrix elements on the right-hand side of the above equation can be simplified according to the
properties of tensor operator and the Wigner-Eckart theorem'®! and then the expressions are easily
obtained.

Let us define six parameters for T%, as follows:

T3 = aA%(r?), Te = bAS(Y), TS = cA§{r®), ®
T3 = VT0bAL Y, TS = V/210cA$(+5), T = v 231cA8(+%).

And thus the calculation of the coordination field matrix elements has been greatly simplified. For
the rare earth ion with 4 f ¥ (N = 1—13) configuration, the obtained nonzero matrix element rep-
resentations in Dj-field of various multiplets are only the linear combinations of the above six pa-
rameters of T% (k=2,4,6;m =0, £3, +6), i.e.

(FNrSLYITP [ Hy| fN(¥'SLYJT'P) = DIfETH . (9)

Here, the linear combination coefficients £% are not related to the classification indices ySL of
terms and can be tabulated according to J values (table 1 ). The three coefficients a, & and ¢ in-

volved in the T% parameters are in relation to the specific term of the defined electron configura-
tion (table 2).
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Table 1 Linear combination coefficients.in the representations of coordination field perturbation

matrix elements in D;-field for J =3 and 9/2

5 b bid A A 1
(3Tsar | Ha|3Tsay) 10 -9 ~18 0 0 -36
(3Aze; | He| 34505 0 -14 192 4 16 16
(3Tiay | Hye| 3T ) 2 -13 150 -4 -16 20
(3Azaz | He | 3T ez 443 245 -84.3 A3 4445 845
(3Tye | Hy|3Tye) -1 17 45 -1 18 0
(3Tye | Hy|3T5e) -5 1 -207 1 -18 0
(9/2E’¢’ | Hy| 9/2E%") 0 196 —384 56 48 -32
/21U’ | Hye| 9/2(1) U’ -3 201 -117 -12 0 42
(9/2(2) U'e’ | Ha| 9/2(2) U'e’ -15 -19 15 - 44 ~48 - 10
(9/2E’¢’ | Hy| 9/2(1) Ue") -2/42  -30/42 48 /42 3V u1ve -2/8
(9/2E%" | Hy|9/2(2) Ue") -642 - 17042 - 16842 1742 1242 2242
9/2(1) U’ | He| 9/2(2) U’ ~/21  -45/21 -93/21 -36/7/21 -24/7Y21 -4/71
/21U | Hy| 9/2(1) U’ 3 -159 261 24 -24 - 30
9/2(2)U¢ | Hy | 9/2Q2) U’ 15 -219 225 ~24 24 30
9/2(1) U | Hy | 9/2(2) U v21 -521 -3/21 -64/74/21 64/7421 -4/721
4i/42  -20iv42 -12i/42 2i /42 -2V 42 —4/7i/42
Table 2 Matrix element coefficients a, & and ¢ of the configurations f© and f%in Ds-field
2S+1LJ a b c
"Fo 0 0 0
(3)°Dy 0 0 0
1 (3)°D, ~11/350 0 0
F, 1/10 0 0
2 (3)°D, 33/3 430 -295/101 871 0
F, -11/210 1/189 0
3 F, ~1/180 —-1/59% 5/46 332
(3)°Ds -11/4 900 295/58 212 0
4 F, -1/1540 ~23/45738 5/56 628
(3)°D, 11/6 860 ~295/1222 452 0
5 Fs -1/720 -1/594 -5/92 664
6 "Fs -1/528 1/13 068 5/2 038 608
SLs 0 -19/155 584 -115/18 203 328
1—2 "Fi—"F, 1/30 0 0

3 Coordination field perturbation energies of Th** in crystalline TbAl; (BO;),

The lanthanide aluminium borates, LnAl;(BOs3)4, as an unity of nonlinear optical material
and self-frequency-doubling laser crystal, have aroused the utmost interest of researchers in recent
years'® ). A deep inquiring into the energy distribution and the spectral structure of rare earth ion
in such a crystalline is significant in both theoretical study and practical application. Corller-Wal-

rand et al. simulated the crystal field effects of ThAl;(BO;), and EuAl; (BO;)4. But the obtained
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parameters B%, are adjustable and could not really reflect any information on microstructure, such
as the charge distribution around the rare earth jon, etc. With the experimental spectral data as
the initial information, we calculated the energy level diagram using the above method.

LnAl;(BO3)y, is all isomorphous with huntite CaMg; (CO;)4. Each Ln®* ion is coordinated
with six oxygen atoms of the borate anions, forming a Ds-distorted trigonal prism'®}. The distor-
tion angle « =8.14°. The coordinates of the six ligand oxygen atoms in complex unit [ LnOg] are
adopted as that of the six type A atoms in figure 1.

In crystal GA(Eu) Al3(BO;),, the distance Ry, ois 0.234 1 nm and the polar angle @, is ob-
tained from X-ray diffraction experiment to be 53.9°. Referring these values, we slightly adjust
them in the simulation according to the theoretical analysis. For TbAI;(BO;)4, the values of the
parameters are given below: Ry, 0=0.234 nm, @, =153.0° and « =8.14°. In the calculation,
the values of the radial integrals (r*) are: (+?) =0.770a3, (+*) =1.508a¢, (r®) = 6.3004,
and for the Tb** ion, Zf =22.65 e. Through simulating the experimental energies using the
DSCPCF model, the effective charges of ligand atoms are Z§ =2.226 e, whereas in PCF calcula-
tion the effective net negative charges of ligands are Q = —1.165 e. The crystal parameters B,
calculated from the DSCPCF and PCF models and their ratio values R%, are listed in table 3. The
coordination field perturbation splittings, energies and the experimental values are listed simulta-
neously in table 4 so as to compare them.

Table 3 Crystal parameters B, and ratio values R, = B% (DSCPCF)/ B, (PCF) of TbhAL(BO;),

Bt/cm™! B} B¢ B} B§ B§ B¢

DSCPCF -1354.2 1355.1 - 620.6 ~272.6 -129.8 131.9
PCF -591.3 560.1 ~256.5 -49.0 -23.4 23.7
R%, 0.599 2.419 2.419 5.563 5.547 5.565

Table 4  Coordination field perturbation energies of Tb** in crystal ThAL(BO;),

Multiplet DSCPCF calculation PCF calculation

(energy) - IR rep. splitting E ... IR rep. splitting E .
TFs 0 Tia, -249.3 30.7 Tia, —249.6 30.4
(280) 0 (1) T2aq —-249.1 30.9 (1) Tya, -249.5 30.5
210 Ajay -51.3 228.7 (1) Tye -17.2 262.8
272 Tie -40.3 239.7 T;e 41.1 321.1
275 (1) Tye ~19.1 260.9 Ee 48.0 328.0
- Ajza, 96.9 376.9 Ajay 51.9 331.9
434 (2)T,e 109.9 389.9 (2)Tye 63.6 343.6
- (2)Tya, 115.9 395.9 Aszay 73.2 353.2
472 Ee 118.0 398.0 (2) T2a4 102.9 382.9
Fs 2144 (2)Tye -132.2 2134.8 (2)Tye -78.8 2188.2
(2267) 2166 Tsa4 -78.4 2188.6 Thay -27.4 2239.6
2190 (1) Tya, ~56.4 2210.6 (D) Tya, -24.9 2242.1
2247 Tye -7.3 2259.7 Ee -17.9 2249.1
2287 Ee 54.0 2321.0 Tse -10.3 2256.7

(To be continued on the next page)
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(Continued)
Multiplet e DSCPCF calculation PCF calculation
(energy) - IR rep. splitting E . IR rep. splitting E ..
2393 (1) Tse 98.1 2365.1 (1)Tye 83.7 2350.7
2443 (2)Tqa; 109.4 2376.4 (2)Tya, 98.9 2365.9
F, 3 448 Aja,y —146.7 3456.3 Aja,y -66.0 3537.0
(3603) 3486 Tie -92.9 3510.1 Tia, -51.2 3551.8
3548 Tia; -90.8 3512.2 Tie -27.8 3575.2
3590 Ee -6.1 3596.9 Ee -1.7 3601.3
3723 Tre 136.1 3739.1 Tae 51.3 3654.3
3774 Tsa, 163.3 3766.3 Tza, 73.6 3676.6
"Fs 4539 Te -54.5 4532.5 Tie -23.8 4563.2
(4587) 4 542 Tia; -4.5 4582.5 Tias —-14.6 4572.4
4592 T,e 6.4 4593.4 T,e -12.0 4575.0
4623 Tsa,4 33.0 4620.0 Tia; 40.0 4627.0
4682 Azasy 67.7 4654.7 Asza, 46.2 4633.2
F, 5145 Thay -166.2 5152.8 Tsa, ~115.3 5203.7
(5319) 5307 Tre -22.1 5296.9 Tje 14.2 5333.2
5418 Ee 105.1 5424.1 Ee 43.5 5362.5
Fy 5661 Tia, -70.8 5678.2 Tya, ~118.3 5630.7
(5749) 5793 Tie 35.4 5784.4 Tie 59.1 5808.1
"Fo 5993 Ajay 0.0 5993.0 Aja, 0.0 5993.0
4 28.2 52.2

4 Discussion and conclusion

In the TbAL(BO,), crystal, there exists a relatively strong crystal field for the Tb®*. The
DSCPCF splitting distances of the multiplet energies ’ F 6> Fs, F4,7F3,”F, and " F; are 367.3,
241.6, 310.0, 122.2, 271.3 and 106.2 cm?! respectively, whereas the PCF splitting distances
are 352.5,177.7, 139.6, 70.0, 158.8 and 177.4 cm ™! respectively. The corresponding experi-
mental values are 472, 299, 326, 143, 273 and 132 cm ! respectively. The ligand atoms in com-
plex unit [ TbOg] possess relatively big effective nuclear charge Z ;7 (=2.226 e) and net negative
charge — Q,;(=1.165 ). All this information shows that in the interaction between the ligand
and ion Tb®* there exists a relatively strong covalent component part. From table 4, it may be
seen that for the 4 f® system in a triangular field, the DSCPCF model and the PCF model gave
roughly the same energy level structure, but root-mean-square deviation between the former and
the experiment is much smaller than that of the latter. The greatest difference between the two
models is that the PCF splitting energy is too large when the value of J is small (J =1), whereas
it is too small when the value of J is largeg (J=>2). The result obtained from the DSCPCF model
is closer to the practical situation. This is because the DSCPCF model is better to describe the co-
ordination field effect compared with the PCF model. From the whole parameters B (table 3) we
can see that the difference between the two models is very clear. Compared with the PCF model,
the DSCPCF model made B3 decrease slightly, B?, increase by 2.4 times and especially BS, in-
crease by more than 5 times. This correction is of remarkable superiority for simulating the spec-
tra of the multiplets with relatively large J values. In general, for the multiplets with large J
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values greater progress in the result of the DSCPCF calculation can be made compared with that of
the PCF calculation!?). This conclusion is also suitable for the case of the rare earth complexes
with triangular symmetry.

From table 4 it can also be seen that the energies calculated with the DSCPCF model are con-
sistent with the observed data. This shows that the DSCPCF model is effective. In ref. [10],
using the parameter simulation method, the B%, were treated as free parameters and obtained from
the simulation via the experiment, as a result, they cannot reflect the information of the real coor-
dination structure of the crystal, the bonding property, etc. In the present paper, the measured
structure data are taken as the starting point and only the effective charge of ligand atoms is as the
adjustable parameter, but this new method gives the coordination field energy order similar to that
of the previous method. It shows that the B%, obtained by the present method have their clear
physical meanings. Furthermore, this provides a new method for strictly investigating the theo-
retical assignment of the triangular field energies according to the transition selection rules of Dj-
group, and has made spade-work for studies on the symmetrical structure of rare earth complexes
through the MCD spectra.
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